BILINEAR MULTIPLIERS ON LORENTZ SPACES 
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Abstract. We give one sufficient and two necessary conditions for 
boundedness between Lebesgue or Lorentz spaces of several classes of 
bilinear multiplier operators closely connected with the bilinear Hilbert 
transform. 

1. Introduction. 

The bilinear Hilbert transform with parameter a G M is the operator 
given by 

X f dt 
Ha{f,9){x) = -p.v. / f{x-t)g{x-at) — 
TT J t 

initially defined for functions in the Schwartz class. Notice that HQ{f,g) = 
H{f)g and Hi{f,g) = H{fg) where H{f) is the classical Hilbert transform. 
So Ha can be seen as an intermediate step between both operators. 

The bilinear Hilbert transform has been extensively studied since 1965 
when A. Calderon set the hypothesis of its boundedness from x into 
while he was working on the Hilbert transform defined over Lipschitz 
curves (see [2]). After several years of research and using original ideas of 
C. Fefferman [3], M. Lacey and C. Thiele finally answered this question 
when they proved the following 
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Theorem 1.1. For each triple {pi,P2,P3) such that 1 < pi,p2 < oo, 1/pi + 
l/p2 = l/ps and p3 > 2/3 and each a G ]R\{0, 1} there exists C {a, pi,p2) > 
for which 

for all f, g in the Schwartz class 

in two papers ([8], [9]) published in 1997 and 1999 respectively. See also 
[Ej for a unified proof. 

From then a great deal of generalizations and extensions of this seminal 
work have appeared such that: [5] and [I2] related to the modification 
of the kernel of the operator, [6] related to uniform estimates in the same 
inequality, related to maximal results, [I3j to uniform estimates with 
generalized kernels. 

The present paper shows two sufficient and one necessary conditions for 
boundedness of different types of bilinear multipliers some of which include 
the bilinear Hilbert transform. 

2. Preliminaries, notation and definitions. 

Given a measurable function / we denote its distribution function by 
m/(A) = m{{x G M : > A}) and its nonincreasing rearrangement by 

f*{t) = inf{A > : mf{X) < t}. The Lorentz space L^'"^ consists of those 
measurable functions / such that ||/||p^q < oo, where 

{I- f tvf*(tY—y , 0<j9<oo, 0<g<oo, 
snp tpf*{t) < p < oo, q=oo. 

t>o 

Reader is referred to pj for basic information on Lorentz spaces. 
The interpolation result we are going to use is a trilinear version of Riesz- 
Thorin interpolation theorem over tuplas of spaces. Since we will use it 
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with positive integral operators 

/ f{x -t)g{x - at)K{t)dt 
where is a positive function, we state the theorem in this setting. 

Theorem 2.1. Let < pij < oo for i = 1, ... ,n, j = 0,1,2,3. Let T a 

positive trilinear integral operator such that T : L^'-o x L^'''^ x L^''^ L"^^'^ 
is hounded for i = 1, . . . ,n with \\T\\i < Mi. 

Then T : LP" x L^^ x Lp^ LP'^ is hounded for ^ = for 
j = 0, 1, 2, 3 where < 9i < I and ^"^^ 9^ = 1. Moreover, \\T\\ < nr=i Mf\ 

A proof of this theorem between pair of spaces can be seen in [Ij page 
185 for the hnear case and 202 for the muhihnear case. The extension to 
tuplas of spaces is trivial from that result. 

We set some frequently used notation. For every x, ?/ G M we denote the 
translation operator by Tyf{x) = f{x — y) and the modulation operator by 
Myf{x) = /(x)e^'^*^^ while for all p G M and t 7^ we denote the dilation op- 
erators by D^f{x) = t'vf{t~^x) and Dtf{x) = D^f{x) = /(r^x). These 
operators show certain symmetries when the Fourier transform acts over 
them. In particular, the transform of a translation is a modulation, {Tyf)" = 
M_yf, the transform of a modulation is a translation, [MyfY = Tyf and 
the transform of a dilation is its dual dilation, (D^f)" = sign(t) D^_if. 

For the dilation operator we trivially have that = " 

Sometimes we will also use the notation K^^ for the change of scale normal- 
ized to the L^ norm, that is, K^{x) = e~^K{e^^x) = DlK{x). 

The bilinear operators we are going to work with can be seen as gener- 
alizations of convolution operators. Thus, as in the case of the convolution 
of a distribution and a function, they can be defined functionally and dis- 
tributionally. We will work only with the functional definition. 
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Definition 2.1. Let u he a distribution. For every a G M and every f,g E 
we define the function 



for all x e M. We will say that Hu,a is a generalized bilinear Hilbert trans- 
form associated to u and a or just a BHT for short. 

In this way, if is a locally integrable function for instance this definition 
leads to the expression 



which is well defined for all a, x e IR and for every /, g bounded functions 
such that at least one of them has compact support if a 7^ or / has 

compact support if a = 0. 
We give the following 

Definition 2.2. Let a e R and u be a distribution. Let < Pi < 00, 

< Qi < 00, i = 1,2,3. We say that H^.a is {pi,qi)i=i,2,3 bounded if 
it can be extended to a bounded operator from L^'^'''^ x LP2,ij2 j^fg ^P3,53_ 
This is possible if there exists a constant C > depending of u, a and 

Pi,qi such that \\Hu,aif, g)\\p3,q3 < C'll/ll Il9'llp2,«2; /'^'^ all f and g in some 
appropriate dense subspaces. 

In the same way that convolution and linear multiplier operators are inti- 
mately related, so do are the operators previously defined and the following 
ones: 

Definition 2.3. Let m be a bounded measurable function in IR^. For every 
X and f,g & S we define the operator 
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Let Pi > 0. We say that m is a {pi,P2,P3) multiplier or just a bilinear 
multiplier if the operator can be extended to a bounded operator from L^^ x 
If^ to LP^ . We denote by \\ ■ \\MBp^.p,^.p.^ the minimum constant that satisfy 
the inequality \\B^{f,g)\\p^ < C\\f\\p^\\g\\p^ for all functions f,g eS. 

The relationship between both kind of operators is the following: if K is, 
we say, an integrable function then 

f f{x-t)g{x-at)K{t)dt= [ f{i)g{i^)K{i + ai^)e^-'^^^'^^^didr^ 

and so, both operators can be regarded as generalization of convolution 
operators or as generalization of linear multiplier operators. 

We finally state several of their properties related to invariance by trasla- 
tion, commutativity and duality: 

(2) HTyU,a(f,9) = Hu,a(Tyf,Tayg) 

(3) Hu,a{f,g) = sigVL{a)HDiu,a-^{g,f) 

(4) (^h,Hu,a{L9)) = {HD.,u,i-a{h,g)j) 

3. Three conditions for boundedness 

We introduce three results of boundedness which can be summarized as 
follows. We first give a necessary condition obtained when we study the 
operator acting over gaussian functions. Then we also give a sufficient 
condition which is the generalization of Young inequality to this class of 
non-convolution operators. The third one is another sufficient condition for 
the second class of operators we have defined. 

3.1. Gaussians looking for necessairy conditions. We use the fact that 
the BHT over gaussian functions has a particularly easy expresion in order to 
get necessary conditions for its boundedness when the kernel is a temperate 
distribution. We get in this way two conditions of boundedness: one over 
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the spaces between which the BHT can be bounded and another one over 
the kernel itself. We work with Lorentz spaces just for the sake of generality. 
We begin with a technical lemma. 

Lemma 3.1. Let G E S such that G{0) = 1. Let (G'e)e>o an approximate 
identity with = D^G. Then for all ip & S, {G^ * <^)e>o converges to (p in 
the topology of the Schwartz class Ts. 

Proof. We need to prove that for every n, m G N, lim£_^o+ II {Gt * ^p)n,m — 
^n,m\\co = where we define ^n,m{x) = x"ip"^\x). If Cn^k denote the combi- 
natorial number n over k then for a; e M and e > we have 

x''{G,*(p)"'\x)=x''{G,*ip"'^){x)= [ {x-t + tYG,{t)^'^\x-t)dt 

n „ n 

= J]c„,, / t'DlG{t){x-tr-'ip"'\x-t)dt = J2''n,ke'{Dl{Gk,o)*V^-k,m){x) 

k=0 k=0 

Thus, 

n 

\{Ge*ip)n,m{x)-iPn,m{x)\ < \{Ge*(p„,m){x)-iPn,m{x)\+'^ Cn,ke''\\Gk,o\\l\\(Pn-k,m\\oc, 



k=l 



and for a = max (n, m), Pr{(p) = sup„ \\(pn,r 



\\{Ge*ip)n,m-^n,m\\oo < ||G'e*(/?„,^-(/7„,„||oo+((e+l)"-l) maX ||Gfc,o||l Pa{v) 

0<k<a 

This proves the result by the main property of an approximate identity. 

Proposition 3.1. Let a < and pi, qi > for i = 1,2, 3. Let u be a non 

null temperated distribution. If H^^a is bounded from L^i''Ji x L^2,<j2 j^^^^fg 
i/3''/3 ^itii norm Hi^^all then 0<^ + -^--^<l. 

In this case, ifG(x) — e~'^^^ and - = — -1-^^ we have that u* DKG 

is a uniformly bounded family of functions with 

sup\\u*D{G\\^<G\\H^,a\\ 

A>0 

where C is a constant that depends only of a, Pi and q^, i — 1,2, 3. 
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Remark 3.1. When — + — = — the thesis says that u is a bounded function 

Pl P2 PS ^ ■' 

with \\u\\oo < C'||-f^n,a|| wMch is a known fact for linear multipliers (see [llly^. 
Proof. Let G M, A > 0, a G M\{0, 1} and define A' = (1 + \a\)-'^\^. 

12 a' 2 

Let f{t) = e^'^*'^*e~'*' and g{t) = e T^'^ . An easy computation shows 
that for a < we have f{x — t)g{x — at) = f{x)g{x)f{—t)g{—at). Thus 

H^Af,9)i^) = f{x)g{x)H^,M,9m 

which says that the BHT of these gaussian functions is the product of both 
functions times a constant. Since 



\HuAf^ 9)i^)\\\f9\\p3,g3 = \\Hu,aif^9)\\p3,q3 < ll/llpi,gi Il5'l|p2,q 

we just need to compute norms in order to get the desired condition: 



P3,93 



Pi,qi ||^"<^-^A'"^'^^ IIPii<?i ll"-^IIPi,gi 

i_ _J_ 

\\9\\p2,g2 = ll^(^)-l/2G'||p2,g2 = A | Q; | \\G\\p^^g^ 

with 

where F denotes the function Gamma of Euler (see remark [372] below) . So 

1 

\HUf,gm\ < \\H^A ^"^-'^^ \a\^ (l + 

Il<-^llp3,g3 V 

G \ \r)^ m G 



'\P3A3 



for all A > and G M. 

Now we work a little bit the expression HuAf^9)i^)- Since 

f{-t)g{~at) = e-2--*e"(^+l"l)^'"*' = e^^-^ig-^'"*' = M_^Dx-iG{t) 
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we have, using the fact that G = G and D^iG = G, that 

(5) H^M^gM = {u,M^^Dx-iG) = {u,T^DlG) = {u*DIG){uj) 

and we can rewrite the previous resuh for all A > and G M as 

\{u*DlG){uj)\ < GX-p 

a) If ^ < we prove that m = by showing that the family of functions 
mx{uj) = {u* D\G){uj) converge pointwise to zero and distributionally to u 
when A tends to zero. 

On one side, we have mx are bounded functions (and so locally integrable) 
with ||mA||oo < GX^p < C for A < 1 and hmx~,o mx{uj) = for all u; G M. 

On the other side, since (-Dj^G)A>o is an approximate identity we have 
proven in lemma [3?T] that {D\G*(p)}x>o converges to ip in the topology Tg. 
Thus, by continuity of u we have for all G iS 

\im{umx, 'f) — * D\G, if) = lim(-u, D\G * cp) = {u, ip) 

A — ^0 A — *0 A — 

With both facts and dominated convergence theorem of Lebesgue we have 



= \im.{umxiV) = liKi / mx{uj)(p{id)duj = 

b) If ^ = we still know that mx define a family of bounded functions 
with ||mA||oo < G for all A > that converge distributionally to u when A 
tends to zero. We use this fact to show that u must be a bounded function 
and that, actually, the convergence is also pointwise. From above. 



I (m, I = lim / ■mx{uj)(p{uj)duj < lim||mA||oo||v^||i < C'||v^||i 



for a\\ ip E S and thus u is a distribution associated to a bounded function. 
Moreover, by property of approximate identity, we have that 

limmA(co') = lim('U * D\G){uj) = u{uj) 

almost everywhere (in all Lebesgue points of u). 
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c) If < i < 1 our condition says that \{u * d(G){uj) \ < C for all A > 
and G M which is the main statement of the proposition. 

We still have that nix = u*D\G define a family of bounded functions that 
converge distributionally to u and satisfies ||mA||oo < C\^p for all A > 0. 

d) If 1 < ^ we prove directly that m = 0. The previous condition can 

1 

be written as \{u * D\G){uo)\ < C\7 with p' < 0. Moreover, since H^^a 
is bounded and translation invariant by property ([2]), we have that HTyu,a 
is also a bounded operator with the same constant and thus it satisfies 
\{TyU * DxG){uj)\ < GX7 for every G M. With this we can write 

]\m \{u,TyD\G)\ = lim |(fV^,D,-iG)| 

A — *U X — 

= lim I ifl^ * Dx-^G) (0) I < lim GTV = 
Thus for every G 5 we have by the dominated convergence theorem 

(m, if) = \im{u, ip * D\G) = lim / ip{y) {u, TyD\G)dy = 

A^O A^O J 

Now we see the case when a > 0. If a > 1 and > 1 the duality formula 
(111) with 1 — a < let us to apply the former result to i^D_in,i-a in the 
following way: if /, g, h are some properly chosen gaussian functions then 

{h,Hu,aif,9)) = {HD^^u,i~a{h,g)j) = HD_^u,i-a{h, g){0){hgj) 

which, if we claim the operator bounded, implies 



\{hgj)\ 



Thus by ([5]) and using -D_i(/ * g) = D_if * D_ig, D_iu = D_iu we have 

\{u*D\G){-uj)\ = \{D::ru*D\G){uj)\ = \Hn_,u,i~.{Kgm\ < C\--^ 
From here the same ideas lead to the same conclusion. 



10 FRANCISCO VILLARROYA 

Finally, if < a < 1 and ps > 1, the commutativity formula ([3]) with 
> 1 and the duality formula (jlj) with 1 — a^^ < let us apply the same 
ideas to -ffD_iL>iM,i-a-i to get the same conclusion: 

= {HD_iDlu,l-a-^ih, f),g) = i^D_iDl«,l-a-i(^'/)(0)(^/'fi') 

which implies 

\u lu f\lr\\\ ^ \\u II Il5'llp2,g2 Il^llp3,g3 r^\-- 

\{hf,9}\ 

Now, using that Da{f * g) = D'^f * D^g we get by (j5]) 
\{u*Dl^G)i-auj)\ = \D^-i{u*DlDlG)i-uj)\ = \{D^-ru * DlG){~u)\ 

= \ {D::^^u*DIG){u;) \ = \Hry^,Diu,i^a'^{h,f)m < CX'T' 
and we finish with the same ideas as before. 

Remark 3.2. Since G is even and non-increasing in [0,cxd), we know that 
G* = D2G and so we can compute \\G\\'^\^g_^ as follows 

^ rt'^e-h^-^'^=^(±)^ rt^e-^^=^(±)^T(^ 



t^^e"3'?i^ — = — — / t^ €- — = —{ — r, 

Pi Jo t 2pi \qi-n J Jo t 2pi yqiir J \2pi 

3.2. Bilinear Young inequality. The next result is the generalization of 
Young inequality to our bilinear non- convolution operators. We pay now 
special attention to the dependence of the constants from the parameter a. 
In order to deal with a more general and symmetric operator, we change a 
little bit its definition. For the next proposition we call BHT to 

HK,aAf^ 9){x) = f{x- at)g{x - f3t)K{t)dt 
Jm 

defined for all a, /3, x G M and f\g E S. 
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Proposition 3.2. (Bilinear Young inequality). Let po > 1. If K E L^^ 

then HK,a,f3 is a bounded operator from U'^ x L^^ to with Pi > 1 for 
2 = 1, 2, 3 and p^^ + P2^ + p^^ = 1 + Pz^^ , and all a, P E M\{0} such that 
a ^ (3. Moreover, 



\HK,o,Af^9)\\pz < C'a,/3,Po,Pl,P2l|-^llpoll/llpill5'l 



P2 



Remark 3.3. Notice that p^^ +P2 ^ ^Ps^ — P'o^^ ^ [O5 1] proposition \3.1\ 
says it must be. See also that this condition can be rewritten as p^^ +P2'^ + 
^3^^ = 1 +Pq^^ and so one can think the point {Pi^ , P2^ , p's^^) ^ belongs 
to the plane x + y + z = l+ p'q~^ with 1 + p'q"^ G [1,2]. 

Proof. Let p > 1, f, g, h, K E S and / = fj^h{x) fj[^f{x — at)g{x — 
(5t)K{t)dtdx . We denote here fa,b{x,t) = f{ax + bt). By Holder inequality 
and some changes of variables 

I < \\fi,-a9i,-p\\LP{R2)\\Ko,ihifi\\^p'^^2) = \a- f3\~p\\f\\p\\g\\p\\K 



IP' 



V I.e. 



(6) \\HK,aAf,9)\\p<\(^-pn\\f\\p\\9\\p\mp' 

_ 1 

I < \\Ko,l9l-l3\\LP{R2)\\fl-ahl,o\\Lp'{R2) = |«| || / ||p' US' llp II ^llp II ^ lip' i-G- 

(7) \\HK,^M^9)\\p<\ar^\\fU\9\\p\\Kl 

_ j_ 

I < ll/l -a^O,l||Lf(R2)||5'l,-/3/il,o|lLP'(]R2) = \P\ || / ||p||5' lip' II ^llpll ^llp' l-G- 

(8) iii^w/,^?)iip< i/5r^ii/iipii^?iip'ii^iip 

We associate each bound of the operator from L^^ x L^^ to U''-^ to the point 
{Pi^ iP2^ iP'^^^) ^ ill the plane x + y + z = 1+p^^. In this way and taking 
the values p = 1 and p = cxd in each of the three previous inequalities we 
consider the extremal points (1, 1, 0), (0, 0, 1) (from the first one), (0, 1, 0), 
(1,0,1) (from the second), (1,0,0) and (0,1,1) (from the third). In this 
way, by using trilinear interpolation between two spaces iteratively we get 
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the bounds on the surface of the convex hull of the previous six points, that 
is, on the surface of the octahedron drawn in the following diagram 



where we write the constants of boundedness in each vertex and each face. 
We show how to get one of them: from ^ and (IHl) we know \HK,a,p{,f ■, 9)\oo < 

larl/llilkllooll^lloo, ||^^x,a,/3(/,5')l|oo < l/^rl/lloolkllill^lloo and so we 

_\ _ 1 

have ||i^i^,a,/3(/,fl')||oo < |«| H/^l ^ll/llpllfi'llp'll-^lloo- In the same way, from 
and © \\EK,o.Af^9)\\oo < |a|-i/||i||(7||oo||^||oo, \\HK,aAf^ 9)\\oo < 

11/ ||oo||5'||oo 

lli^lli we get \\HK,a,i3{f, g)\\oo < \a\ p ||/||p||5'||oo||-^||p'- 
Interpolatingbothcases weget ||iJi^,a,/3(/,5f)||oo < |a| H/^l ll/llplls'llgill-^ 
withq^'+q^' =p'-\ Using again © ||ifi^,„,;3(/,(7)||i < 
we finally have 



where p^^ = 9, p^^ = (1 - 0)p'^ + 0, P2^ = (1 - ^)'?r^ + ^ and Pq^ = 
(1 — 9)q2^^, which is the stated result since p]^^ + ^ + po^^ = 1 + ^3 ^ 



Now in order to get bounds in the interior of the octahedron we use 
interpolation between six spaces. In this way, each point p = {Pi^,P2^,P3^^) 
can be written as the convex linear combination of the six vertex in the 
following way 



P= (A2+P3"'-P2')(l,0,0) + (Ai+P3-^-p^i)(0,l,0) + (pr -Ai-A2)(0,0,l) 




\a-f3 



-1 



PI 
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+Ai(l, 0, 1) + A2(0, 1,1) + (pr' + P2' - P3 ' - Ai - A2)(l, 1, 0) 

for every Ai, A2 G [0, 1] such that max(p^^— ^, 0) < Ai, max^p^^ —p^^ , 0) < 
A2 and Ai + A2 < mm(p3~^,po~^). We denote by D such non empty triangle 
(notice that p^^ —Ps^ < Pi^ +P2^ ~P3^ = P'o^^ — ^ ^'^d max(p|f ^ "Ps \ 0) + 
max(p2^ — Pg^O) < min(p3^^,pQ^^)). Also notice that this decomposition 
implies this other one for p = (Pi^ , P2^ , Ps^) 

P= (A2+P3'-P2'')(l,0,l)+(Ai+P3i-pr')(0,l,l)+(l-pr'+Ai+A2)(0,0,0) 

+Ai(l, 0, 0) + A2(0, 1,0) + (pr' + P2' - Pt - Ai - A2)(l, 1, 1) 
in order to interpolate. So, using theorem 12.11 we get 

for every Ai,A2 € D and we want now to minimize. Since D is a convex 
domain and F{x, y) = (|a| |a — /?|~"'^)~^(|/?| |a — is a convex function 

in D, the minimal costant is attained in one of the three vertex of the 
triangle: 

(max(pj;^ - p^\ 0), max(p2"^ - p^\ 0)) 
(max(p7^ -p3\0),min(p;'\p^\p3"\po"^)) 
(min(p^\p2"\p3"\po"^),max(p2^ -^3^0)) 

that is 

\\HK,a,l3{f, g)\\p3 < C'a,/3,pi,P2,Poll/llpill5'llp2ll-^llpo 

where Ca,i3,p^,p2,po the minimum of the three quantities: 

I Q, I - max{p7 ^ -P3 \0) I ^ I - max(p2" ^ -p^ ^0) | q- _ ^ | - minCPr ^P2' ^P3 ^Po " ^ ) 
|^|-max(p^^-P3 \0)|^|-min(p'i"\p2 ^P3~^Po"^)|c^ _ ^ | - max(p2"^-p'i"\0) 
I ^ I - minCpr ^P2 ~ ^P3 ~ ^Po ~ ^ ) I /9 1 - max{p2 ^ -pg \0) I _ ^ I - max(0,p7 ^ -P2 " ^ ) 
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which, on the surface of the octahedron, are the same bounds we aheady 
had (in fact, the three bounds coincide in each face). 



3.3. The third condition. The last result gives a sufficient condition of 
boundedness for bilinear multipliers. It gives a condition over the symbol 
of the operator instead of over the kernel. 

Proposition 3.3. Let m G L''(M^) with 1 < g < 4. Then m is {pi,P2,P3)- 
multiplier for all exponents such that 1 < Pi,P2,P3 < min(2, q), q ^ {^1,^2,^3} 
and Pi^ +P2^ +^3^^ = 1 + 2g"^ Moreover, ||"^||xBp,,p,,p, < H""^! 



Proof. By duality it is enough to prove that for every f,g,h & S 
1= / f{09iv)'n^{^,V)H-^-v)d^dri <Crn\\f\\pA9\\p2\\h\\p'. 

If g = 1 then I < ||m||i||/||oo||^||oo||/i||oo < ll"i||i||/l|i||fi'l|i||^l|i- 

If g > 1, we define p = {pi,P2iP'z) by 

Pi(g-l) . P2{q-l) ~, p'siq-l) 
Pi = P2 = P3 = — 

q-Pi q-P2 q-Ps 

which satisfy: 

. ^ ~ ~ ~, ^ p'i . ^ ^ ^ P3 111 

^ <Pi,P2,P3< 00, p=— 2 = 1,2, P3 = —, — + — + — = 2 

q q Pi P2 

Then, by Holder, Young and Hausdorff- Young inequalities we have 
/ < \\m\\J [ \f{^)\'^'\g{r^)\i'\h{-^-r^)\'^'d^dri)'^ = ||m||,(|/>'*|^r'*|/^l''')(0)^ 

< \\m\Um' * \9\'' * \h\''\\i < ii"^L(iii/>'ikiii^i''ikiii^i''iu)^ 

= Il"^llgll/ilpig'll^llp^9'll^llp3g' = ll"^LII/llp'Jl^llpi,ll^llp3 < ll^^llgll/llpilkllpall^lU 



Remark 3.4. Though K E for some 1 < p < 2 none of the functions 
'fT^i^yV) = K{aC, + (3ri) G L'^(M^) for 1 < g < 4. So, this result is neither a 
generalization nor a particularization of proposition \3.2l 
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